Let F be a holomorphic foliation on M, a homogeneous compact Kähler surface, with only hyperbolic singularities. Let L be a closed set saturated by leaves of the foliation, containing singularities and with every leaf dense on it. We say L is a minimal lamination by Riemann surfaces with only hyperbolic singularities. If there are no positive closed currents directed by L, then there is a unique positive harmonic current directed by L of mass one. This result was obtained previously for CP 2 by Fornaess and Sibony, by developing intersection theory for currents. By applying the same theory we obtain the result for the rest of homogeneous compact Kähler surfaces.
Introduction
The aim of this work is to obtain a generalization for every compact homogenous Kähler surface of the main result obtained by Fornaess and Sibony in [6] via the theory they developed in [4] (see also [5] ). These works are devoted to prove the uniqueness of the ergodicity for laminations in CP 2 without directed closed currents. Definition 1.1. We say (X, L, E) is a transversally Lipschitz lamination by Riemann surfaces with singular set E ⊂ X, if X is a compact topological space such that for every p ∈ E we can find local charts φ i : ∆ × T → X where ∆ is the unit disk and T is a metric space. These charts satisfy that the change of coordinates is φ −1 i • φ j (z, t) = (f ij (z, t), h ij (t)) with h ij Lipschitz, f ij holomorphic in the first variable and Lipschitz in the second one. These local charts are called flow boxes.
The laminations we will deal with in this article will be embedded in complex surfaces M. Then, if φ : ∆ 2 δ,δ ′ → U ⊂ M is a local chart from a polydisk of radii δ and δ ′ to M centered at p, the plaques Γ w of these flow boxes can be written as graphs (z, f w (z)) with z ∈ ∆ δ , w ∈ T ⊂ ∆ ′ δ and f w being an holomorphic function verifying that f w (0) = w. Definition 1.2. Let (X, L, E) be a lamination by Riemann surfaces with singularities embedded on a compact complex surface M, with E discrete. We say that p ∈ E is a hyperbolic singularity , if we can find U ⊂ M a neighbourhood of p and some holomorphic coordinates (z, w) centered on p such that the leaves of (X, L, E) are invariant varieties for the holomorphic 1-form ω = zdw − λwdz, with λ ∈ C \ R. This theorem was proven by Fornaess and Sibony in [6] for CP 2 . following Tits [8] there are only three other cases of homogeneous compact Kähler surfaces:
The theory developed in [4] works for every compact homogenous Kähler manifold, and according to that paper we just need to prove that the geometric selfintersection of a harmonic current always vanishes.
The reasoning in order to prove the theorem will be similar in the three cases. The proof will be made explicitly for
directed by a lamination. It means that T (φ) ≥ 0 if φ is a positive (1, 1)-form, T |U (γ) = 0 where γ is a (1, 0)-form in U holding that the plaques of the lamination in U are integral varieties of γ and T (∂∂u) = 0 for every real function u. More information about currents can be found in Demailly's book [3] . This kind of currents can be decomposed in regular flow boxes as
where h t is a harmonic function along each plaque depending on the point in the transversal t ∈ T , [Γ t ] is the integration current over the plaque Γ t and µ is a local transversal measure.
Remark 2.1 ([4]).
If a positive harmonic current on a laminated compact set X gives mass to a leaf, then this leaf is a compact Riemann surface. However, we will assume the non existence of closed leaves, then µ cannot have mass on points.
We need to recall another important concept from [4] . The geometric selfintersection of this kind of currents in homogeneous manifolds is a measure defined in a flow box as follows. Let u be a test function with support in the flow box, then we define the geometric selfintersection as
where we have chosen a family of automorphisms Φ ǫ → Id, such that T ǫ := Φ ǫ * (T ) and Γ Theorem 2.1 (Fornaess, Sibony [6] ). Let L be a minimal Lipschitz lamination with only hyperbolic singularities in a compact homogeneous Kähler manifold (M, ω), without directed closed currents. If T ∧ g T = 0 for every directed positive harmonic current T there is only one of them with mass one.
The existence of such currents was proven for laminations by Riemann surfaces with finite number of singularities by Berndtsson and Sibony in [1] .
Proving that the geometric selfintersection is equal to 0 in a regular flow box is done by finding a bound N on the number of intersection points of a plaque of the lamination and another plaque moved by an element of this family of automorphisms close enough to the identity. Indeed, if u is a continuous function which is 0 outside a flow box, since u and h α are bounded, then
where C > 0 is a constant. This limit holds because µ has no mass on single points. Under some assumptions, that we recall at the beginning of section 3, in [6] it is also proven that the geometric self-intersection is 0 in an open linearizable neighbourhood of a hyperbolic singularity.
To sum up, we need to find a continuous family of automorphisms of each surface Φ ǫ with Φ 0 = Id satisfying the conditions of [6] around the singularities and a big enough N ∈ N to ensure that Γ 1 and Γ ǫ 2 intersect each other at most at N points when ǫ is small enough. Γ 1 and Γ 2 denote plaques of the same flow box, and Γ ǫ 2 = Φ ǫ (Γ 2 ). Hence, in order to prove Theorem 1.1, we just need to prove, for each compact complex Kähler surface M a theorem like the one below which is the key result in this article. The proof relies in finding a covering by flow boxes of three different types according to the behaviour of the lamination and to the family of automorphisms inside them. Firstly, open linearizable neighbourhoods around the singularities where results of [6] can be applied. Secondly, some flow boxes having intersection points between a plaque and itself moved by an element of the family of automorphims close enough to the identity. And finally, flow boxes where, if Γ 1 and Γ ǫ 2 are very close, then Γ 1 and Γ 2 are far away. The final step is to get a contradiction when there are too many intersection points of a original plaque and a perturbed one. It is done by following a leaf up to one of the plaques of the second type and showing that there is a plaque which does not intersect itself moved by the automorphism.
Since different surfaces have different group of automorphisms we cannot consider the same family for these three cases, but we will search for automorphisms with similar local behaviour. Main difference with the case of CP 2 is that the automorphisms taken in that case by Fornaess and Sibony have a line of fixed points. In our cases there is at most one fixed point.
In order to find these coverings, Hurwitz's Theorem will play a special role. Since we can see plaques locally as graphs, and these graphs vary continuously in the transversal, we can apply Hurwitz's Theorem. It is useful to prove that, when we move a plaque by a tangential motion, the moved plaque and the original one intersect each other.
We will also need the following remark.
Remark 2.2. Writing the plaques of the flow boxes as graphs, Lipschitzness implies that for t, t ′ ∈ T ⊂ ∆ δ ′ , there is a constant C > 1 depending on the flow box, such that
for every z ∈ ∆ δ . In the expression above d is the distance in the transversal. We will denote
This remark will be necessary to travel from flow box to flow box and we will use it sistematically in our arguments.
Case of CP
We consider CP 1 × CP 1 with the Fubini-Study metric in each factor. Since it is a product space then
Hence, we have a notion of verticality and horizontality in the tangent bundle defined in the natural way.
Assume that the lines
Therefore, we have four different charts covering
Clearly every singularity is contained in the image of ψ 1 .
The family of automorphisms we are searching for is
for a suitable vector (v 1 , v 2 ), but we have to choose it carefully according to the behaviour of the lamination in a neighbourhood of a singularity. Let s 1 , s 2 , . . . , s n be the singularities. Since they are hyperbolic, there exist A iA a linearizable neighbourhood around ψ −1 1 (s iA ) and a change of coordinates φ iA :
the leaves of the lamination are integral varieties of the 1-form
Hence the separatrices are {w ′ = 0} and {z ′ = 0}. Φ ǫ would act as a translation by (ǫv 1 , ǫv 2 ) in ψ
iA Φ ǫ φ iA , and Φ iA ǫ has to hold the conditions of [6] : it could be written as
. The third element of the sum appears if and only if φ is not linear. In fact, it is not linear because in that case the lamination would have a directed closed current, the integration current on the separatrix, which would be a projective line. These conditions must hold around every singularity. Therefore we have to choose a vector (v 1 , v 2 ) such that:
So, we have fixed (v 1 , v 2 ) and we have the family of automorphisms Φ ǫ . The next step is choosing a good covering of the lamination L as follows:
(1) We already have linearizable neighbourhoods of the singularities where [6] can be applied, we will denote them by A iA . We will call them singular neighbourhoods.
(2) We need a neighbourhood U 0 of p, because it is a fixed point for every element of the family of automorphisms. We will find it by using ψ 4 . Proof. We will use ψ 4 . Consider a horizontal flow box U ′ 0 = ∆ δ ×T centered at p, ∆ δ is a disk centered at 0, and T is a topological space containing 0. The points in the flow box can be written as (z, w + f w (z)), where f w are holomorphic functions satisfying f w (0) = 0 for every w ∈ T .
Since f 
with certain c > 0 for every z with |z| = δ 0 . The idea is to find a lower bound for d z . Since L is a Lipschitz lamination, we can find the bound for Γ 0 and shrink later the transversal to ensure that every plaque holds the inequality.
In the domain of ψ 4 ,
Hence, if we fix z ∈ ∆ δ such that
.
We can write it as follows
We are searching for a lower bound of this last expression. F is obviously greater than |ǫ||z|mm 0 |v 2 | so we have to find an upper bound for G. We observe that
1−ǫv1z , and considering Taylor expansion of g 0 in 0, we obtain that
with |h ǫ (z)| bounded by M 0 for every z and every ǫ small enough. Thus, by replacing these bounds in the previous expression,
Now, we choose ǫ 0 such that if |ǫ| < ǫ 0 then
for every z ∈ ∆ δ , and if we set δ to satisfy that mm
Hence if N 0 is big enough,
So the number c 0 we were searching for is • if Γ z and Γ z ′ are plaques in
2 . Proof. In order to prove this lemma we use ψ 3 . In this chart, an automorphism behaves as Φ ǫ (z, w) = (z + ǫv 1 , w 1+ǫv1w ). It is a horizontal translation in w = 0. We want to cover the points of w = 0 which are not in U 0 . It is a compact set, so we will find a finite covering.
If q is a point with horizontal tangent, we take a horizontal flow box centered at q where f ′ 0 (z) = 0 if and only if z = 0. We will proof that for ǫ small enough, Γ 0 and Γ ǫ 0 intersect each other and by Hurwitz's theorem (see for example Conway's book [2] ) we can find a flow box centered at q verifying this for every plaque in it.
We can write
1+ǫv2f0(z) ), z ∈ ∆ δ ′ }, so we want to compute if the function
has any zero. The number of zeros of that function is the same as the number of zeros of
which has a finite number of zeroes in ∆ δ . By Hurwitz's theorem again, there is ǫ 1 such that if |ǫ| < ǫ 1 , g ǫ (z) has the same number of zeros as the limit, hence Γ ǫ 0 and Γ 0 intersect each other. So do nearby enough plaques. We cover these points by flow boxes W a jW . Now, if q is a non horizontal point in w = 0, we can take a vertical flow box around it (z + f z (w), w) and Γ
In this way we obtain the flow boxes W and an ǫ 2 > 0, verifying that for every ǫ such that |ǫ| < ǫ 2 ,
• if Γ w and Γ w ′ are plaques in 
Proof. We use ψ 1 because every point of
is on its domain. In this chart, Φ ǫ works as a translation by the vector (ǫv 1 , ǫv 2 ), and there is a point on this open set p ′ whose tangent space contains (v 1 , v 2 ).
We will do a change of coordinates just for simplicity. Let us consider the rotation R :
sending (v 1 , v 2 ) to (1, 0) and (v 2 , −v 1 ) to (0, 1). We have obtained new coordinates (z ′ , w ′ ) such that our family of automorphisms is a family of horizontal translations. Then, we can argue as we did in [7] . The reader can check the explicit computations there, but we include here an overview of the arguments for the convenience of the reader. Let p h be a point where the motion is tangent to its plaque at it. Then, applying Hurwitz's theorem in the same way, this plaque moved a little bit by the family of automorphisms intersects the original plaque. We cover this kind of points with flow boxes B a jB . The rest of the points are transversal to the motions, hence they can be covered with flow boxes B 2 and the distortion of the distance when we change coordinates on the surface. Finally, there is also M ∈ N holding that, for every plaque in a flow box along the motion, we can find a path from this plaque to a plaque in a flow box transversal to the motion passing through at most M changes of flow boxes avoiding A iA and U 0 (unless we have started in U 0 ). This number M can also be chosen holding the same statement when starting from a flow box transversal to the motion and finishing in a tangential one. Now, take Γ 1 and Γ 2 in a flow box transversal to the motion holding that Γ 1 and Γ 
